Abstract. In this short note, we generalize Eisenstein's irreducibility criterion for semirings.
Introduction
Eisenstein's irreducibility criterion in commutative ring theory states that if R is a commutative ring and p is a prime ideal of R and
is a polynomial such that (1) a n / ∈ p, (2) a i ∈ p, for i = 0, 1, . . . , n − 1, (3) a 0 / ∈ p 2 . Then f cannot be factored into non-constant polynomials in R[x] (see Proposition 5.17 in [1] and p. 228 in Matsumura's book [7] ).
In the current note, we generalize this criterion for semirings. Since the language for semirings is not completely standardized [4] , we need to introduce a couple of concepts in semiring theory. First, we need to clarify what we mean by a semiring. In this paper, by a semiring, we understand an algebraic structure, consisting of a nonempty set S with two operations of addition and multiplication such that the following conditions are satisfied:
(1) (S, +) is a commutative monoid with identity element 0; (2) (S, ·) is a commutative monoid with identity element 1 = 0; (3) Multiplication distributes over addition, i.e., a·(b+c) = a·b+a·c for all a, b, c ∈ S; (4) The element 0 is the absorbing element of the multiplication, i.e., s · 0 = 0 for all s ∈ S. Let S be a semiring and I a nonempty subset of S. The set I is said to be an ideal of S, if a + b ∈ I for all a, b ∈ I and sa ∈ I for all s ∈ S and a ∈ I [2] . The ideal I of S is called proper if I = S. A proper ideal P of S is called prime, if ab ∈ P implies either a ∈ P or b ∈ P . Finally, the ideal I is subtractive if a + b ∈ I and a ∈ I imply that b ∈ I for all a, b ∈ S [6] . Now we pass to the next section to prove Eisenstein's irreducibility criterion for polynomials over semirings.
Eisenstein's Irreducibility Criterion for Polynomials over Semirings
The German mathematician Ferdinand Gotthold Max Eisenstein (1823-1852) originally stated and proved the irreducibility criterion, we now name after him, in [3] . A more general form of this criterion is brought in p. 228 in Matsumura's book [7] and Proposition 5.17 in [1] . Now, we prove a semiring version of this famous criterion.
Theorem 1 (Eisenstein's Irreducibility Criterion). Let S be a semiring and P a subtractive prime ideal of S. Let f = a n X n + a n−1 X n−1 + · · · + a 0 be a polynomial in S[X] such that the following statements hold:
is a factorization in S[X] with r, s < n, and b r and c s are nonzero, then either b 0 or c 0 is not in P . Because if b 0 and c 0 are both elements of P , then a 0 = b 0 c 0 is an element of P 2 , contradicting the Condition (3). Without loss of generality, suppose that b 0 / ∈ P . Since a 0 ∈ P and P is prime, we have c 0 ∈ P . On the other hand, by Condition (1), since a n = b r c s , the elements b r and c s cannot be in P . Let m be the smallest value of k such that c k / ∈ P . Then
The fact that neither b 0 nor c m are elements of P , while c m−1 , . . . , c 0 are all elements of P and P is subtractive implies that a m / ∈ P . Therefore, m = n. Consequently, s = n, contradicting our assumption that s < n. This finishes the proof.
Let us recall that a semiring S is a semidomain if ab = ac with a = 0 will cause b = c, for all a, b, c ∈ S. Similar to the concept of field of fractions in ring theory, one can define the semifield of fractions F (S) of the semidomain S [5, p. 22 ]. An ideal I of a semiring S is called principal if I = {sa : s ∈ S} for some a ∈ S. The ideal I = {sa : s ∈ S} is denoted by (a). Finally, if S is a semiring, for a, b ∈ S, it is written a | b and said that "a divides b", if b = sa for some s ∈ S. This is equivalent to say that (b) ⊆ (a). Also, it is said that a and b are associates if a = ub for some unit and note that if S is a semidomain, then this is equivalent to say that (a) = (b). A nonzero, nonunit element s of a semiring S is said to be irreducible if s = s 1 s 2 for some s 1 , s 2 ∈ S, then either s 1 or s 2 is a unit. This is equivalent to say that (s) is maximal among proper principal ideals of S. An element p ∈ S − {1} is said to be a prime element, if the principal ideal (p) is a prime ideal of S, which is equivalent to say if p | ab, then either p | a or p | b [9] . A semidomain S is called factorial (also unique factorization) if the following conditions are satisfied:
(1) Each irreducible element of S is a prime element of S.
(2) Any nonzero and nonunit element of S is a product of irreducible elements of S. Let us recall that a semiring S is weak Gaussian if and only if every prime ideal of S is subtractive [8, Theorem 19] . The following is a generalization of Eisenstein's criterion for unique factorization domains (see for example p. 147 in [11] ): Corollary 2. Let S be a weak Gaussian factorial semidomain and p a prime element of S. Let f = a n X n + a n−1 X n−1 + · · · + a 0 be a polynomial in S[X] such that the following statements hold: (1) p ∤ a n , (2) p | a i , for all i < n, 
